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Cortical spreading depression is a wave of
electrical silence and biochemical changes that
spreads across the cerebral cortex. Recently
there has been a growing recognition that it
may be an important pathophysiological event
in a number of neurological disorders. In this
paper, we describe a reaction-diffusion model
of the extracellular potassium changes that are
a central part of this process. Simulations with
the model show that an appropriate stimulus
evokes a moving wave of increased potassium
with many similarities to that seen experimen-
tally. The resultant model is a useful compu-
tational tool for future study of the effects of
spreading depression on the cortex.

INTRODUCTION
Cortical spreading depression (CSD) is an ex-
panding wave of temporarily suppressed elec-
trical activity and biochemical disturbances
that propagates across the cerebral cortex
at a rate of about 2 - 5 mm/min (illus-
trated schematically in Fig. 1) [1, 3, 6, 10].
It can be initiated by topical application
to the cortex of various chemicals (potas-
sium, excitatory aminoacids, etc.), or me-
chanical/electrical stimuli. The exact physi-
ological events involved in CSD are not com-
pletely understood, but the most generally ac-
cepted hypothesis is that the release of potas-
sium ions (K+), and possibly neurotransmit-
ters such as glutamate, is the critical event.
It is observed that as K+ diffuses through
the cortex, nearby regions first show a slow,
small increase in extracellular K+, followed
by a dramatic rise once the K+ level exceeds
about 10 mM. The markedly elevated extra-
cellular K+ concentration depolarizes neurons
and leads to suppression of their firing of ac-
tion potentials.

Figure 1: Annular wave of CSD (shaded) aris-
ing from a stimulus site (dot at center).

CSD has attracted attention recently due
to suspicions that it may be an impor-
tant pathophysiologic component of disorders
such as migraine, cerebral ischemia and head
trauma [5, 9, 16]. For example, it has been
postulated that CSD may initiate migraine
attacks and cause the associated aura [8]. In
spite of this, there have been very few previous
efforts to computationally or mathematically
model CSD [1, 15, 17]. Because of the growing
recognition of the clinical relevance of CSD, it
is timely to develop a computational model
that can be used to complement experimen-
tal work. Accordingly, we describe a model
of the genesis and propagation of increased
potassium during CSD and simulations that
validate its behavior. The goal was to pro-
duce a model that was both robust to rea-
sonable changes in parameters and computa-
tionally efficient when used with large, two-
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dimensional cortical regions. In the follow-
ing, we first describe the mathematical model
of CSD we have developed, and then present
the results of numerical simulations with it.
We conclude with a discussion contrasting our
model with previous related work.

METHODS
Our model focuses on the dynamics of extra-
cellular K+ in the cerebral cortex since potas-
sium disturbances are most likely the critical
causal event in CSD. The cortex is viewed
as a two-dimensional sheet and the rate of
change of extracellular potassium concentra-
tion K(x, y, t) at location (x, y) of the cortex
at time t is governed by

aK -DV2K + f(K). (1)

Here D is the coefficient of potassium diffusion
(assumed constant) and V2 iS the Laplacian
operator, so the first term of Eq. 1 repre-
sents diffusion of K+ through the cortex as
governed by Fick's Law [12].

The second term f(K) in Eq. 1, which
we take to be independent of cortical loca-
tion and time, represents the local dynamics
of extracellular potassium. These local dy-
namics must meet at least four requirements:
homeostatic maintenance of resting extracel-
lular potassium level K, > 0 (approx. 3
mM in the cortex), a threshold Kg > K,
beyond which elevated K triggers explosive
subsequent growth in K, a ceiling Km > Ke
above which K does not rise, and restoration
to normal K levels that reflects post-wave in-
tracellular resequestration of potassium. To
capture these behaviors our model uses

f(K) = (2)
A(K -Kr)(K - Ke)(K - Km)(K + 0.1)
- rK

where A < 0 is a rate constant, and reseques-
tration of potassium r is modeled as

(3)
where 0 < B << JAI and C > 0 are constants.

The quartic polynomial forming the first
term in Eq. 2 satisfies the first three require-
ments outlined above. For example, if K is
just above (below) K7, then this polynomial
is negative (positive), tending to return K to
K, (Eq. 1). The second term, -rK, provides
for restoration ofK to its resting value during
the recovery phase. Eq. 3 represents the slow
(B small) resequestration of potassium that
rises in the face of increased K; as can be
seen in Eq. 1 and 2, when r is elevated there
is a tendency for K levels to fall. Our formal
model expressed in Eqs. 1-3 is similar in form
to, and in part inspired by, previous mathe-
matical models of wave-like phenomena, such
as calcium activation waves on the enclosing
membranes of amphibian eggs [2, 7] and the
FitzHugh-Nagumo model of action potentials
in neurons [4, 11].

In the computer implementation of this
model, both the spatial structure of the cere-
bral cortex and time are discretized. The cor-
tex is represented as a two-dimensional array
of elements, each of which represents a small
volume of cortex (say 25 microns wide [13]).
A hexagonal tessellation of the cortex is as-
sumed, so each element has six immediately
adjacent neighbor elements. Each cortical el-
ement i has its own extracellular potassium
value Ki and resequestration value ri gov-
erned by Eqs. 1-3. Initially, each element
starts with Ki = Kr and ri = 0. This is a
fixed point of the system (i.e., the model is ini-
tially in an equilibrium state) since with these
values % =i=0 and 00 for all elements i.
The model's behavior is then studied numeri-
cally after perturbing it from this equilibrium
state by simulating the external application
of potassium to one or more elements j by
raising the value Kj for those elements. In
the simulation results described below, a time
step of 0.25 is used, and a 100xlOO element
cortical region is modeled with opposite edges
connected (forming a torus) to avoid edge
effects. Parameter values used in the sim-
ulations reported here are D=0.75, A=-0.3,
K,. = 0.03, K = 0.2, Km = 1.0, B_0.0001,
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and C=10.0. These parameter values, deter-
mined empirically, produce a good waveform
and the K values obtained can be viewed as
one-hundredth of actual extracellular K+ con-
centration in mM units.

RESULTS
The key result of our simulations is that a
localized area of elevated potassium evokes
a traveling wave of markedly elevated potas-
sium that slowly propagates in an expanding
annular region. For example, clamping the K
value of a hexagonal cluster of seven elements
to K = 1.0 for 1000 ticks leads to a potas-
sium wave as depicted schematically in Figure
1. These simulations verify that the formal
model represented by Eqs. 1-3, when simu-
lated in a discrete fashion, can generate potas-
sium waves. Further, when such waves, trav-
eling in opposite directions, collide with one
another, they obliterate each other, just as oc-
curs experimentally. A wave is followed by a
refractory period. Wave speed approximated
0.2 elements per simulated time unit. If one
takes simulated cortical elements to be 25 mi-
crons wide and calibrates simulated wave du-
ration (Fig. 2, adjustable by varying B) with
experimentally measured wave duration, the
model's wave speed corresponds to roughly 5
mm/min, near the upper range of wave speeds
observed experimentally.

Figure 2 illustrates the nature of the prop-
agating potassium wave. The horizontal axis
represents time, and the vertical axis repre-
sents the extracellular potassium concentra-
tion K (solid line) and recovery variable r
(dashed line) of a single cortical element as the
potassium wave reaches it. As potassium dif-
fuses into the element, there is an initial slow
rise in K, followed by a sudden dramatic rise,
a gradually decreasing plateau, and a more
rapid fall as the wave passes beyond the ele-
ment. These features are similar to those seen
experimentally.

To examine the stimulus required to evoke
the potassium wave, we ran over 250 simula-
tions varying the intensity, duration and size

Tkm

Figure 2: Extracellular potassium wave (solid
line) and resequestration variable r (dashed
line). Each "tick" is one iteration.

(1, 7, or 19 elements) of the hexagonal stimu-
lus patch of elevated K. For all three stimulus
sizes, a maximal stimulus (K = Kin) that per-
sisted sufficiently long evoked a well-formed
wave. For each patch size, however, there was
a stimulus intensity K < 1.0 below which a
maximal wave could not be evoked. As the
patch size was increased, weaker and shorter
duration stimuli were needed to elicit a max-
imal wave.

For example, to study the response to
stimulus patches with seven elements, we var-
ied the level of the clamped K from 0.0 to 1.0
and the duration of application of the stimulus
from 100 to 5000 ticks (iterations). We ran ap-
proximately 100 simulations sampling points
throughout the stimulus parameter space to
get a general picture of the model's behav-
ior, and then focused additional simulations
on the interesting regions. In all of these sim-
ulations, one of two events occurred: either
a strong sustained wave like that shown in
Fig. 2 was evoked, with K > 0.9, or no wave
resulted, and the potassium remained below
0.15 except in the immediate neighborhood of
the stimulus. No intermediate strength waves
were observed. The boundary between the
two behaviors was quite sharp (line in Fig-
ure 3). All points on or above the line in Fig.
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3 resulted in a wave like that shown in Fig.
2; all points below the line produced no wave.
For this patch size, no wave resulted for stim-
uli with K < 0.69, even when held for 5000
timesteps. For K > 0.69, waves formed when-
ever the stimulus was clamped for a sufficient
length of time. The one element and nine-
teen element patch size simulations produced
similar results, with the one element patch re-
quiring stronger and longer stimuli to evoke
a wave, and the nineteen element patch pro-
ducing a wave with weaker and shorter stim-
uli. Increases in the intensity or duration of
the stimulus above the minimum threshold re-
sulted in the wave being evoked sooner, but
did not change the overall shape of the wave.

We also examined the total potassium
added to the system and its relationship to
the threshold for evoking a wave. The total
potassium added was determined by subtract-
ing, at each timestep, the K value that each
stimulus element would have at the next time
instant (from Eqs. 1 - 3) from the clamped K
value, and summing this calculation for the
duration of the stimulus. It was found that
the lower the level of clamped K, the more to-
tal potassium had to be added to the system
to evoke a wave.

DISCUSSION
The growing interest in the clinical relevance
of CSD has motivated us to develop a com-
putational model of CSD so that its prop-
erties and effects can be studied theoreti-
cally. In this paper we have examined an
important, presumably causative component
of CSD, the spreading wave of dramatically
increased extracellular potassium concentra-
tion. We showed that it can be simulated
by a two-dimensional, reaction-diffusion sys-
tem. As described above, numerical simula-
tions based on the model confirm that it pro-
duces a propagating disturbance having sev-
eral features similar to those seen experimen-
tally.

Our model can be contrasted with three
previous efforts to model various aspects of
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Figure 3: Threshold for evoking potassium
wave in terms of intensity and duration of
stimulus for a seven element hexagonal stim-
ulus patch. Only stimuli on or above the line
evoke a wave like that in Figure 2.

CSD. One previous cellular automata model
represented the cortex as a two-dimensional
spatial array of elements as we have done, but
each element could be in only one of three dis-
crete states (quiescent, depressed, or refrac-
tory) [15]. Elements changed state according
to transition rules that did not explicitly rep-

resent physiological causative factors such as

extracellular K+ concentration. Our model
differs in using a continuous-valued K+ level
at each element whose value is governed by
two differential equations (Eqs. 1, 3).

Two other previous models of CSD used
continuous representations of element states
and reaction-diffusion equations as we have,
but both considered only one-dimensional
spatial distributions and used different local
dynamics for extracellular K+ (i.e., different
formulas for f(K)). The earliest of these two
models, attributed to A. L. Hodgkin, repre-

sented a wave of rising extracellular K+ con-

centration but no restoration phase, and was

apparently never simulated numerically [1].
The other one-dimensional model represented
not only multiple intracellular and extracel-
lular ionic changes, but also release of neu-

rotransmitters and membrane potential [17].
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This latter detailed model is more physiolog-
ically complete than the model we have de-
veloped, but produces a temporal waveform
that is qualitatively less similar to experimen-
tal data than ours (Figure 2). Its complexity
and computational expense would make it dif-
ficult to use in large, two-dimensional cortical
simulations.

The model we have described in this pa-
per will be used in future studies to learn
more about CSD and its effects on corti-
cal physiology. It will be extended to cap-
ture other presumably secondary biochemical
changes of CSD, and will be combined with
a computational model of cortical neural ac-
tivity [13]. We intend to apply the validated
model to study computationally various hy-
potheses about the role ofCSD in neurological
disorders such as stroke and migraine. Thus,
from the perspective of modeling in general,
our results support recent suggestions that
computational models have an underutilized
role to play in studying neurological disorders
[14].
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